A FUNDAMENTAL PRINCIPLE OF RELATIVITY

By Douglas L. Weller

ABSTRACT

The laws of physics hold equally in reference frames that are in motion with respect to
each other. This premisé Albert EinsteinOs theory of relativity is a fairly easy concept to
understand in the abstract, however the matherfafiesticularly the tensor calculus used by
Einstein to describe general relatitityised to flesh out this premise can be very complex,
making the subject matter difficult for the n@pecialist to intuitively grasp. Here is set out a
fundamental principle of relativity that can be used as a tool to understand and explain special
and general relativity. The fundamental principle of reitgtis used to independently derive
the Lorentz factor, the Minkowski metric and the Schwarzschild metric. The fundamental
principle is also used to derive metric tensors for systems with multiple point masses and to
explain Newtonian kinetic energy, grational potential energy and massergy equivalence

in the context of special and general relativity.

INTRODUCTION
According to EinsteinOs theories of relativity, the laws of physics hold equally well
even when measured from different reference fraimesare in motion with respect to each
other. Special relativity deals with the subset of reference frames that are in uniform motion
with respect to each other. General relativity encompasses all reference frames, even

reference frames that are vaisbuaccelerated with respect to each other. While the notion of
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special and general relativity is straightforward in the abstract, the mathematics used to
describe relativity, particularly general relativity, can be very complex making study of
relativity intimidating to norspecialists.

This paper sets out a tool that can be used to understatidity in an intuitive way,
without requiring an extensive knowledge of tensor calculus. Specifically, a velocity through
the time dimension is defed so that total velocity through the time and space dimensions is
always equal to the speed of light Using this very simple tool, called here a Ofundamental
principle of relativity,O many of the common equations of special and general relatiiy can
derived and intuitively understood. For example, this paper uses the fundamental principle to
derive the Lorentz factor, the Minkowski metric, the Schwarzschild metric and metric tensors
for systems with multiple point masses, and to explain Newtdmietic energy,
gravitational potential energy, massergy equivalence, and discontinuities in the geometry
of spacetime. The fundamental principle of relativity is also shown to be directly related to

the conservation of momentum and energy.

I. FUNDAM ENTAL PRINCIPLE OF RELATIVITY DEFINED
When travel in all dimensions is taken into account, everything travels at the speed of
light c. This fundamental principle of relativity is herein first examined in the context of
special relativity, that is, for thcase where motion through space is not accelerated. For
example, as measured from any reference frame an unaccelerated particle will have a velocity

(v,) through the space dimensions and a velogitythrough the the dimension so that,
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=g +V. (1)

A. Velocity through Space
The velocity of the particle through spacg)( is what is ordinarily considered
velocity. That is, for a spadane reference frame defined by the referenc@dioatesX, v,
z, 1), velocity (v,) is defined as
Vg =V, +V, +V,, (2)

and the magnitudeg of this velocity is defined as

"dx% "dy% "dz%
S VAR G+ . 3
Vs =V \/ﬁa& as Fats ©)
B. Velocity through Time
What is meant by velocity througimte can be understood in light of Hermann
MinkowskiOs fundamental axiom for spicee set out in an addrésgiven in September
1908:

The substance at any woibint may always, with the appropriate
determination of space and time, be looked upon assat

MinkowskiOs fundamental axiom for the spte continuum indicates that for the
substance at a world point (e.g., a particle) there exists a local reference frame, with its own
local space and time coordinates, in which the substance is aitrestspect to the local

space coordinates (but not with respect to the local time coordinate).
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For example, assume the local reference frame for a particle has the local space

coordinates (,#,%$) and the local time coordinate For the particle, with respect to the

d" d$ _ d%_
local reference frame.— =—=—"-"=0.
d# d# d#

The magnitudev. of the velocity of timev. is defined to be equal to the speed of light
c times the rate of passage of lottale as measured by coordinatevith respect to the rate

of the passage of time as measured by reference time cootdthates,

n

r - f— —_—
v.]=v.=c e (4)

When the reference coordinates and the local coordinates are statiohaigsyéct to

dt
each otherd" =dt so thatv. =v, = ca =cC.

II. THE FUNDAMENTAL PRINCIPLE AND SPECIAL RELATIVITY
The special theory of relativity is based on the postilateich Einsteir called the
Ospecial principle of relativitifQhatthe laws of physics hold equally well even when
measured from reference frames that are in uniform motion with respect to each other. Thus
the laws of physics detected by making measurements from any selected reference
coordinatesy, v, z, Y will also hold true when measurements are made from any selected
local coordinates§n,c,t), as long as any motion between the reference frame for coordinates

(",#%%) and the reference frame for coordinatesy( z, } is uniform.
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Thefoundational equations for special relativity can be very simply derived from the
fundamental principle, and are essentially just different mathematical expressions of equation
(1), as will be shown below.

In special relativity, coordinates are custonyacihosen (although this is not
mathematically necessary) so that a separate time coordinate measures passage of time in a
time dimension that is perpendicular to the space dimensions. This allows equation (1) to be

rewritten as

Hox& # #dz& # d"&
=|5s+5~|=\/%3£( +g€% gi( gsa( )

or more simply,

2 =X dy% z% L d(% ©)
§7 & #are  Hate ¥ dt&

From equation (6) it is very straightforward to obtain the Lorentz factor and the

Minkowski metric, which are the foundational equations for special relativity.

A. The Lorentz Factor

Equatlon (6) can be rewtdn asc V + —d" and '[hUSCZ i Vs i éﬁd 2 Solvin
éﬁ ( o)‘,itz g
dt
for — yields
or Vi

dt _ c B 1
d" 2 #vg  AL#ve/c?

(7)
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which is the Lorentz factdused in special relativity to describe the relationship betateen

andd"”.

B. The Minkowski Metric

Jedx% " dy% " dz% ' d(%

Equation (6 b itten al$’c® = dt? ., which reduces
quation (6) can be rewritten al$°c ) pm & g g—& G&. whi u

to ¢’dt’ =c*d"* + dx* + dy’ + dZ, typically expressed as the Minkowski metric in the form
c’d"? =c’dt® #dx* # dy’ # dZ. (8)
When the spherical coordinate systemd, ) are used,

2 _gdrdb, o d(b, oo nd) R
=$- ' ' theref
Vg ﬁa&ﬂ ﬁa&ﬂ sin (ﬁa&and erefore

2 2 2 2
=J(%) () s o %) + 6] ang
"dr% " d( %

“ “Fite *"

'
C=|vg+V.

T

n *0}
Zsin?( d) 4L & g?ﬂt& To obtain the Minkowski metric in spherical

* 0 *0
coordinates, this can be rewrittendtsc? = dt? g& r %7& (%&0 g 21t&

which reduces to the Minkowskietric in spherical coordinates:

c’d"? =c?dt® # dr® # r°d$” # (1 sin’ $)d96 (9)
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[ll. THE FUNDAMENTAL PRINCIPLE AND NEWTONIAN PHYSICS
The fundamental principle explains the existence of kinetic energy and gravitational

potential energy in Newtonian Physics.

A. Kinetic Energy

According to the fundamental principle a particle with a nmagsalled hereafter
particlem) has a velocity and thus a momentum not only in space but also in time. That can
be expressed as

Momentum= mvg + mv, . (10)

When particlanis at rest with rgpect to space coordinatesy, 3, thenvg =0 and
V. =C, as can be readily understood from equation (1).

When patrticlanis moving in space with respect to reference space coordingtgs (
2) there is a change in momant from the rest state not only in the space component of
momentummv, but also in the time component of momentom. From rest to any space
velocity vg, there is a change in the value of the space component of momeotui® fo the
value my; in the direction of travel through space. That is the change in momentum,
myg " 0 =my;, is the value Newtonian Physics recognizes as the momentum of particle

When particlen moves from rest to any spacelacity v, there is a change in the
value of the time component of momentum frorato the valuemv. in the direction of time.

This value for change in momentumc - my,, is the momentum in the time dimensithat is
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OsacrificedO to achieve space velagitgnd which is restored to the time dimension when
the space velocity is returned to 0.

The valuemc" my, is readily calculated from equation (1), which can be rewritten as
C=4/Vs"+V.” andv. =4/c* #v,’ so that
mc" my, = m(c "afct vsz), (11)

for coordinate systems where the time coordibh&eerpendicular to the space coordinates

2

: % .
(X, Y, 2. Forthe case where>>vy, 4/c*" v¢’ essentlly reduces ta " 2_8(: (neglecting the

% 2 2
fourth and higher magnitudes) and therefore" mv, $ mc" m'gf: " \;ic; = m\;ic, which can
be rewritten as
n n 1 2
mc” " mev, =c(mc mv)#$5mvS =E,. (12)

Equation (12) shows that the speed of light times the loss of momentum in tliertiemsion

is equal to the value Newtonian Physics recognizes as the kinetic e&gngef(particlem.

B. Gravitational Potential Energy and Escape Velocity
In Newtonian physics, gravity stores gravitational potential energy jestidtion
stores kinetic energy. This indicates that what Newtonian physics calls gravitational potential
energy (like kinetic energy) can also be understood as a loss of momentum in the time
dimension times the speed of light Since gravitational potéal energy has the same

relationship to gravitational escape velociy ) as kinetic energy does to velocity in space
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V., Wwhen making calculations on gravitational effects on time dilation, gravitational escape
velocity (V), can be used in place of spaeg)(in equation (1), i.e.,
c =|Vg +V./. (13)

From a location with zero gravity to a location where the gravitational escape velocity
equalsv,, there isa change in the value of the time component of momentumrfrota the
value mv. in the direction of time for a particle of mass This value for change in
momentummc” myv,, is the momentum in the time dimension that is lost to the gravity fie
and which is restored to the time dimension when the particle completely escapes the gravity
field

The valuemc" my, is readily calculated from equation (13) which can be rewritten as

V. =4/c? #v,” so that

mc" my, = m(c "Lct VGZ), (14)

for coordinate sstems where the time coordinats perpendicular to the direction of

gravitational escape velocity. Using the first approximation for the case where,,

2
. V, 1 .
equation (14x/c*" v,* reduces ta - % so mc¢® - mey, = Emvgz, the value Newtonian

Physics recognizes as the gravitational potential energy of panteiédocations where the
gravitational escape velocity is equalMa
In Newtonian physics, for a point mass of milisshe gravitationag¢scape velocity,

at a radial distancefrom the center of the mabtbased on a gravitational constéitis
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Vg :1/@ : (15)

It is clear from equation (15) that as the radial distard®creases, the gravitational
velocity increases. There is a critical radius, called the Schwarzschild Rdileere the
gravitational velocity equals the speed of lightThat is, wherR=r, thenv; =c. Making

these replacements into equation (15) yields

_ [cm
c= o (16)

Combining equation (15) and equation (16) allows a definition of the magnitude of
gravitational velocity, based on the ratio of the Schwarzschild r&diaghe radial distanae

used throughout the remainder of this papiet is,

Vg =C ? (17)

IV. THE FUNDAMENTAL PRINCIPLE AND MASS -ENERGY EQUIVALENCE
In 1905, Albert Einstefhderived an energy equivalent for mass by calculating the
difference in energy'(L) between light in a local referem frame defined by local space
coordinates (, , ) and the same light in the reference frame defined by space coordinates
(x,y, 3. The difference in energyL was set equal tthvé Newtonian value for kinetic energy

of a mass to produce EinsteinOs value for-enasg)y equivalence.
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To obtain" L, Einstein defined a valueto represent energy of light in the local
reference frame defined by local coordinaté#,$). Using the principle of the constancy of

light, Einstein calculated the difference in enerjy.) to be

1
AL = | ——-1]° (18)
(ﬁl—vf/cz ]
From equation (7)O|—t —;) so that equation (18) reduces"th —EL $L. From
d" " Jreviler a#

equation (4), the velocity of light in the local reference frame defined by space coordinates

n

(" A% isv. = ca. In the reference frame defined by space coordinatgs § the velocity

of lightis v, = c% =c. Therefore, equation (18) reduces further to

dt Y, c
"L=—L$L=-"L$L=—"LSL. 19
d# $ V, ¥ V, $ (19)

According to equation (19), whénrepresents the energy of light in the local

reference frame defined by local coordinaté#,$), the same light hasetehc,-nergyvE L in the

reference frame defined by space coordinateg, (J so that the energy of light in each
reference frame is inversely proportional to the velocity of timgig that reference frame.

Einstein assmes thatc >>v, (Oneglecting magnitudes of fourth and higher ordersO),
and thus simplifies equation (18) to

"|_#5£v2

2 C2 S - (20)
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Einstein compares this value to the Newtonian value for kinetic enefly (E

1 . :
E, ==mV.’ to deive the energy equivalence of mass. That Is= E, so that
2

L 1 . .
E—vs2 = Emvs2 and so that. = mc? the equation for the energy equivalence of mass,

2¢?

normally written in the formE = mc®.

A. Calculating MassEnergy Equivalence without using Approximations

EinsteinOs 1905 paper, written in the context of Newtonian physics, utilizes two
ONewtonianO approximations. The approximation represented by equation (20) is used to
calculate the difference in energy of ligigtween two time frames. Einstein also implicitly
utilizes the approximation represented by equation (12) to obtain the Newtonian value for
kinetic energy resulting from the motion of a mass.

EinsteinOs method of calculating massergy equivalence carsalbe performed

without approximations. In this case, the valueEqr, calculated from equation (11) is

E, =mc®" mcy, =mc*" meyc®" v = mcz( "1 VSZ/CZ). (21)

Setting, as did Einsteirk, =" L, and using equation (21) to give the value EqQr

and equation (18) to give the value fot yields
L

"L=E # L ——
T alsvi/c?

Simplifying this equations leads to

(
$J,)t = mc2(1$ 1$v;/c2). 22)
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Hin ffu. 2/ 2&
L\ %/szm&@wh"%ﬁﬁy (23)

0 1n VSZ/CZ
and
1_ 1_ 2 2
L =mcf = vs'/C 1-vg’/c?, (24)
1-41-vg?/c?
and
L =mgyc* " vg’, (24a)
and finally

L =mcv, (25)

which is the speed of liglattimes the momentum of the mass in the dimension of trme) (
. . dt
When the local coordinates equal the reference coordlnates,a =c and therefore

L =mc?, thesame value obtained by Einstein.

Obtaining the valug. = m¢® when no approximations are used confirms that the value
for kinetic energy in relativistic physics (i.e., without approximations) is equaldfd’ mcv,,
as set out in equion (12). Comparing equation (12) with equation (25) indicates that the
energy equivalence of massin the reference frame defined by local coordinateg §%) is
mcv. SO that kinetic energync® " mcey,, is thedifference in the energy equivalence of mass
min the reference frame defined by coordinatey(z, } and the energy equivalence of mass

min the reference frame defined by local coordinateg $%).
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V. THE FUNDAMENTAL PRINCIPLE AND GE NERAL RELATIVITY

General relativity extends special relativity by removing the requirement that motion
between coordinates bmiform® That is, the laws of physics detected by making
measurements from any selected reference coordinatgsz( } will also hold true when
measurements are made from any other selected local coordityg$@%| even when
accelerated with respect to the reference coordinatgsZ, ).

In the discussion above on gravity in Newtonian physics, gravitatamealeration
was shown to result in a change of momentum in the time dimension, even without a
corresponding change in the momentum in the space dimensions. Because gravitational
escape velocity,, affects the velocity of time in thersa way velocity in space, affects the
velocity of time, equation (1) can be modified to take into account the effects of gravity as
follows:

C =|V. Vg +Vg). (26)
As shown below, the Schwarzschild metric is just an alternatateematical

expression of equation (26).

A. Deriving the Schwarzschild Metric
When Karl Schwarzschild derived the Schwarzschild metric, describing the
gravitational field of a point mass of madshe made three assumptibtisat necessarily
resulted inthe Schwarzschild metric being mathematically equivalent to equation (26). First,
when he described the gravitational field, he formed the components of the gravitational field

using a gravitational constant, as is done in Newtonian phygkssa resultthe definitions of
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gravitational velocity, given in equations (15) and (17) are valid in the Schwarzschild

metric. Second, he constrained the Schwarzschild metric to resolve to the Minkowski metric
at infinite radial distance from thoint mass i.e., whenv, =0. As a result, the definitions

of velocity of spacerg and the velocity of time. in the Minkowski metric are incorporated

into the Schwarzschild metric. Third, Schwartfollowed EinsteinOs field equations in

which, in accordance with what Einstein calls the laws of momentum and energy, gravity does
not change the total momentum as calculated across the four dimensions inspate

Thus any increase in the momemtuepresented by an increaseviy must come at the

expense of a corresponding decrease;iand/orv.. The result of these three assumptions is
that the Schwarzschild metric, by necessity, confdoresjuation (26).

The direction of gravitational velocity, is dependent upon the reference coordinates
selected to express the Schwarzschild metric, and particularly upon the reference time
coordinate. As will be seen below, with thgpropriate selection of time coordinate,
gravitational velocityv, can be regarded as occurring in virtually any direction.

A very simple form of the Schwarzschild metric results when the direction of
gravitational velocityv, is treated as if it were in a direction orthogonal to the dimensions of

time and space.

1. When gravitational velocity is orthogonal to time and space

For coordinates (i.e., reference frames) wherev, andv,, are orthogonal with

roror . .
respect to each other theg +v, +V.| =4/vs” +v,> +V.2 so that equation (26) can be rewritten
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d" "

. d"& .
asc?=v, +v, +v.%. From equation (4y. =C thusc?® =vg” +v,* +c% me Solving

"

d’ .
for — yields
at 7

d” vl V.2
a:,/1#0—52#0—62. 27)

From equation (17y, =c 5, so that equation (27) is equivalent to
r

d_ | .V R

2

Equation (28) can be rearrangeddas = dt* - dtz\;i2 - dt2$ which can be

simplified to
24n2 2 442 R 2
c’d"? =c’dt (1#?)#dt2vs : (29)
. . . "dr% td(% "d) %
Wh the sph | t = G *sin’ L
en using the spherica coordlnaesystesh—ﬁa& r dt&+(r sin’ () s

Making the substitution into equation (29) yields a version of Schwarzschild metric in

spherical coordinates measured from a reference frame where all dimensions are orthogonal:
2 112_$ RI 27,2 2 2 342 2 ainl * 2
c2d -g#—zc di® #dr® #r°d** #(r? sin® *)d+7, (30)
0O r

"dx% " dy% " dz%
When using the Cartesian coordinate systegﬁ,:ﬁ%)t(&% 3¥&0+§%t2&0 When the

point mass is located at the Cartesian coordingtey,(z),
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thenr = \/(x xl)2 +(y" y1)2 +(z" zl)2 Making the substitution into equation (29) yields the

Schwarzshkild metric in Cartesian coordinates measured from a reference frame where all

dimensions are orthogonal.

R

cldr® =c?1- - - -
\/(X_Xl) +(y‘y1) +(Z_Zl)

]dt2 —dx® - dy* - dZ. (31)

When the center of the point mass is at the Cartesian coordhat@, Equation (31)

reduces to

R 2dt2#dx2#dy2#dzz. (32)

,X2+y2+22

$
CZan - ng#
0

It is possible to specificallgefine a new orthogonal dimensignso that

% =V, = c\/E and thusdg’ = czdtZB. Making this substitution into equation (32) yields
r r

c’d"? =c’dt® # dx* #dy* # dZ # dg’. (33)
Making the same subtution in equation (30) yields another five dimensional form of the

Schwarzschild metric,

c’d"? = c’dt* # dr® #r°d$” # (v sin’ $)d96 # dg’. (34)
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2. When gravitational velocity overlaps spacéme

When the dimensions of gravity, space and time are not all orthogonal, then

r r rp : :
Vs +Vg +V.| =vg' +v,” +v.> + P, whereP is a value that results from overlap in the

directional components of., v andv,. Equation (26) can therefore be rewritten as

c? =Vs’ +V’ +V,> + P. From equation (4y. = c% and from equation (17%), = c\/E;
.

n

R #d i dr .
therefore,c> =v.” +¢c>— +¢?0 +P. Solving for— vyields
s r éédt( g dt y

d \/1#"S #R#B (35)
dt C r c?

: 2 R P
Equation (35) can be rearrangeddi$ = dt® # dtz\::i2 # dtz? # dtzg which can be

simplified as

c’d"? =c%dt? (1# Ry 3) #dtv > (36)

- . : "dr% " d( %
When using the spherical coordinate systejn:%'&

(r sin ()if&

Making the substitution into equation (36) yields a very generic version of the Schwarzschild

metric, that is

c2d"? :%#B#%zczdtz#drz# r2d*2 #(rzsinz *)d+2. (37)
o I C
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a. The Painlev&Gullstrand coordinates

Since gravitational acceleration is in a radial direction towards the center oMniass
is perhaps most intuitive and useful to select reference coordinates so that gravitational
velocity v, is regarded as motion that occimsa radial direction towards the center of mass
M 11

Specifically, when using the spherical coordinate system
[ _odr oed( O
|VS|

L, "d) % dr . . .
"+ r?sin? " where— is the portion of the velocity through space
e it (B dt P y Troligh sp

in the radial direction. In this case, gratitaal velocity v, also occurs in the radial direction

r R R dr® d(% , ,"d)%
where|vG|:c\/;. This mean$/G+vs| —$c r a&ﬂz dt&+r23|n2(£a& and thus

rr roa_r d_[R
V. +Vg+Vg| = +V52+VGZ+ZECW/_ and therefore
r

p=2d¢ R (38)
dat \r

Making this substitution d? into equation (37yields

R 2(dr/dt) cVRIT.

$
g2 =gu : " = )Czdtz#drz#rzd*z#(rzsinz *)d+2 which reduces to the
% (

Schwarzschild metric expressed in the Painl@ulistrand coordinatésas set out below:

c’d”? :é#ﬁzczdtz #dr” #r7d*? # (17 sin” *)d+? #2c\/Edrdt. (39)
o T r
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b. The original Schwarzschild coordinates

Karl Schwarzschild originally derived thel@&earzschild metric using the
Schwarzschild coordinates as reference coordindtess measured by the reference frame
for the Schwarzschild coordinates, the gravitational dimension only partially overlaps the

space dimensions.

: . L dr\> R
For the Schwarzschild cotinates|V, +Vg + Vg =V,” + Vg + Vs’ +(a) g and

thus for the Schwarzschild coordinates

_"dr% R

“Haar(R (410)

Substituting the OPO value for the Schwarzschild coordin@tesjuation (37) yields

dr/dt)’[R/(r #R
Czd..zz%# R#( r/dt) [2 (r )]§C2dt2#drz#r2d+2#(rzsin2+)d, 2 which reduces to
r

R 2#r2d*2#(r25inz *)d+2 and this to the Schwarzschild

c’d"? :%)#Eéczdﬁ#drz?&+ e
r

metric expressed in Schwarzschild coordinates as set out below:

dr?

2 12 2 i 02
TR #r°d$’ #(r°sin’ $)d96. (41)

2" =2 Ryar #
r

B. Coordinate Transformations
When measurements are made from different reference frames in (spatial, time and/or
gravitational) motion vth respect to each other, it is necessary to perform a coordinate

transformation (sometimes called a Lorentz transformation) in order to compare
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measurements made by the coordinates used in each reference frame. The existence of valid
coordinate transfonations between two reference frames means that measurements made
from each reference frame are equally valid.

For example, a coordinate transformation between the orthogonal coordinates used in
equation (30) and the nasrthogonal coordinates used iquation (36) can be accomplished
by the weltknown methotf of using the same space coordinates () for both the
orthogonal coordinates and the ramthogonal coordinates and on that basis determining the
relation$ip between the time coordinate for the orthogonal coordinates and the time
coordinate for the neorthogonal coordinates.

For example, let the time coordinate for the orthogonal coordinates be Igbeled
the time coordinate for the namthogonal oordinates be labeldg Sincec’d”? is an

invariant that appears in both equation (30) and equation (36), the following is true:

c?d"? :%#TRéczdtoz #dr? #r°d*? #(r’sin +)d+°

$ R P! .
:%#?#?zczdtf#drz#rzd*z#(r23|n2*)d+2. (42)
# & # &
This means thag;" ?R(czdto2 :?" ? C—Pz(czdth which results in the relationship

between dt, and dr,, being expressed as

dty =ty [1" —

(43)

and
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dt, =dt, r R (44)

To transform the orthogonal coordinates to the Schwarzschild coordinates, to the
PainlevZGullstrand coordiates, or to any other version of the fwsthogonal coordinates, it
is only necessary to use the appropriate vall of

For example, let the time coordinate for the Schwarzschild coordinates be labeled

0 R

" r 9
(i.e., dtg = dt,). Fromequation (4pabove,P :ﬁg—tr& r(—R Substituting the value &f for
S

the Schwarzschild coordinates into equation (43) yields the following relationship between the

Schwarzschild time coordinate and the orthogonal time coordinate:

2 Rr 2
dt, = |dt.,"" ———dr”. 45
tO \/ tS Cz(r " R)2 r ( )

VI. SPACETIME METRICS FOR MULTIPLE POINT MASSES

To derive a multiple body spatiene metric, consider a substantial point with a
velocity through spaceg and a velocity of local time. measured with respect aoreference
frame. The substantial point is in the midst of multiple bodies consisting of avMnasth a
Schwarzschild radiuR; and a center located at a coordinate locatigry{, z,), a masi,
with a Schwarzschild radilR, and a center located acoordinate locatiorx{, y,, z,), E and
a masM,, with a Schwarzschild radiug, and a center located at a coordinate locatQry,,
z,). There is a gravitational velocity,, associated with mad8,, a gravitational velocity,
associated with mad4, E and a gravitational velocity,, associated with mass,.

The fundamental principle of relativity for this case can be expressed in an equation as
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C =V +Vg Vg +Vgy + o F Vg, . (46)

Selectingthe reference frame (assuming one exists) so that all velocities are

"

orthogonal (i.e., so that® =v.” +v,” +v_° +v_,” +...+v,°), and remembering. = S

leads to

dn V2 v 2 v 2 v 2
a:\/1#6—521;&%# St (47)

Equation (47) can be rearranged to form the gemspacetime metric for multiple
point masses set out below:
c?d"? = c’dt® # dtPvy” #dtPv,’ #dtAv,,” #..# dtPv,,°. (48)

. . . dx* dy* d7 .
When using the Cartesian coordinate systegﬁ,:ﬁ +W +W' From equation (17),

vGi2 = cz$. When the center of mabg is at the Cartesian cabnate ;, Y, z),

r :\/(x" x)"+(y" v)’ +(z" z)°. Making the appropriate substitutions into equation (48)

yields the following multiple body metric tensor equation

C2d112:CZdIZ(l#&#&#“.#&)#dXZ#dyz#dzz (49)

h T

where

h=(x" %)+ (v )+ (2" )

=) ) (2 2)
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E

=k )y )+ (2 2

Equation (49) sets out a multiple body metric described in a four dimensional space

: : e . d - R,
time continuum. Utilizing the relatlonshr%% =V, =C % and thusdg,® = c’dr*—* allows
\/ : .

l

the multiple body metric to be describadan n+4 dimensional spatiene-gravity continuum

as follows:

c?d"? =cPdt? #dx® #dy* #dZ #dg° #dg,” #...#dg,’. (50)

A. Non-Orthogonal Coordinates for Multiple Body Metrics
The spacdime metric can also be derived when the gravitational velocities are non
orthogonal to eacbther and/or to the space and time dimensions.
In general, the multiple body metric for rorthogonal gravitational velocities, can be

derived from the equation

rrr r rp 5

2 — 2 2 2 2 :
C% =NV +V +Vg +Vg, +ot Vg, | SV +V+Vg " +Vg," +...+V,," + P, whereP is some value

that is a result of the overlap of vectorsdeTelationship betweedt and d” that serves as the

basis for the metric will have the form

_s e Yoz _Ton T (51)
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The multiple body metric will have the form

2
?d"? = czdtz(l#;ﬁ#%#...#;ﬁ#%)#dxz#dyz #dZ. (52)
1 2

n
The relationship between the rement of the time coordinate of the orthogonal
multiple body metricdt,) and the increment of the time coordinate of the-oxwhogonal

multiple body metricdt) will be

B ., P/c?
de _dte\/l 1"R/n" RIr," " R, . (®3)

B. Example Use of a Multiple Body Metric

Consicer the case of a first body, around which a second bot¥, rotates (e.g., a
planet rotating around a sun, or a moon rotating around a planet). The velocity of the second
bodyM, is assumed to be much less than the speed of light. Let the centefirst thadyM,
be located at coordinate (0, 0, 0), (i.e.7%, = z = 0) and have a Schwarzschild radiys
Let the second bodyl, have a Schwarzschild radiRsand the location of the center of the
second body, be described by,x a cos t, y =b sin t, 2 = 0, wherea andb are constants.
The two body metric tensor equation for these is

c2d"? =cidt?* #dx* # dy* # dZ # dg’ #dg,’. (54)

The two body metric for these two bodies in four dimensions is

c’d"? =cidt*(1# Ry &) #dx*#dy* #dZ (55)

non

or
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c’d"? =cidt*(1# - Rlz —# - R - 2)#dx2#dy2#dzz.
\/X ty +z \/(x#acost) +(y#bsint)” +(2)

In order to add a third body that rotates around the first bbdall that is needed is to
add a gravitation coordinagg for the third body and include it in the metric. For example,
add a third body, with a Schwarzschild radil®, and let the locationf the third bodyM,
be described by, 0, y = b, sin (bt+ b,), z = a cos (bt+ b,), where @ b, b, and [ are
all constants.

The three body metric for these two bodies in seven dimensions is

cld"?=cidt? #dx® #dy? #dZ #dg’ #dg,’ #dg,’. (56)

The three body met for these three bodies in four dimension is

c’d"*= czdtz(l#ﬁ#&#%) #dx*#dy* #dZ (57)

1 2 3

where
r1: [X2+y2+22’

r,= \/(x acost)” +(y" bsint)* +(2)°,

r, = \/x2 +(y" bysin(b,t + b3))2 +(z" asin(byt + b3))2 .

A metric for describing the gravity field in a vacuum for any system (e.g., an entire

planetay system including sun, planets comets, moons, etc.) can be constructed by
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determining the locations of all the bodies to be included in the metric and then, based on the

locations, forming a multiple body metric as set out in equation (48).

VIl. CONSERVATION OF MOMENTUM AND ENERGY
The energy equivalendeof an isolated system consisting of masis given by the
well known equatioht
E =mdc’. (58)
This value for energy equivalenEecan be apportioned, as suggested by the

discussion ative on kinetic energy as follows:

E =mc® =mcv. +(mc® # mcv,) = mcv+ma(c#1/c2#vsz). (59)

In equation (59), the valugnc®" mcy,) and the equivalent valuem(c ",ct vsz)

represent kinetic energlf,. The valuemcv. represats the energy equivalence of mass
local reference frames in whichs the time coordinate.

Equation (59) explains how the law of energy conservation holds true for particles in
motion. A particle of mas® in uniform (i.e., unacelerated) motion with respect to a
reference frame has a kinetic energy associated with it. The kinetic energy is a component of
the total energy equivalence of mass.e., E = mc?, as measured from that reference frame.
If another reérence frame is chosen from which to make measurements, the amount of kinetic
energy as measured from the new reference frame may change, but the total energy

equivalence of the particle as measured from the new reference frame will &il bec?,
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The apportionment of energy as set out in Equation (59) is based on kinetic energy as
it appears in ONewtonianO physics. The equetiev.” +v* suggests a more
mathematically simple way to apportion the energy equival&senc’, that is

E =mc® =mv.’ +mv.. (60)

Defining a spatial component of energy equivaleBgeso thatE, = mv;” and
defining a local time component of energy equivaleBceso thatE. = mv.” allows equation
(11) to be rewritten as

E=mc =E. +E,. (61)

The momentum of a particle of massan also be apportioned, based on Equation

), ¢ =|p. +v,], as
mc =|mv. + mv|. (62)

Equation (62 indicates that for uniform motion, the total momentum, taking into
account momentum in the time dimension and in the space dimensions, is invariant always
being equal tanc

Equations (59) through (62) make it clear why the fundamental principle, as
represented by equation (1), is true for special relativity. That is, the fundamental principle is
merely a restatement of the laws of conservation of momentum and energy across the four

dimensions of time and space.
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A. Momentum and Energy in the Schwarzehild Metric
Equations illustrating conservation of momentum and energy can be generated for the
Schwarzschild metric similar to those generated above for special relativity and the
Minkowski metric.
Equation (26) =|V. +Vg +V,|, can be rewriéin as
mc = |mv. + Mg + mv|, (63)
indicating that within the Schwarzschild metric, the total momentum for a particle ohmass
taking into account time, space and gravity components, is invariant, always being equal to
mc
For coordinates (i.e. referee frames) in which the time dimension and the gravity
dimension are orthogonal to each other and to the space dimensions, equation (26) is
equivalent toc” =v.* +v,° +Vv.?, which indicates the equivalent energy of a particle of mass
m can be apporned as
E =mc® = mv.? +mv. +my’. (64)
Defining a gravitational component of energy, so thatE; = va2 leads to
E=mc =E. +E,+E,. (65)
For nonorthogonal coordinates, equation (26) is equivalenftov, ” + v’ +v.” + P.
In this case E = mc® = my, >+ my,> + mv.” + mP and thusE = m¢ = E. +E, +E, +E,
where E, = mP, E,representing a component of energy resulting from the overlap of

dimensions.Thus, equation (26), which is a thamatical equivalent of the Schwarzschild

Page29 of 32 Doug Weller



metric, is a restatement of the laws of conservation of momentum and energy across the four
dimensions of time and space, taking into account the presence of a point masshdéf mass
Similar equations illustratingonservation of momentum and energy within systems

. . . . . I 1 I 1 1
with multiple bodies can be written, i.enc=|mv. + mvg + mvg, +Mvg, +...+ mvg,|,

mc = mv.? +mv +my,” +my,,” +...+my, %, and so on.

VIIl. THE DISCONTINUITY IN SPACE -TIME GEOMETRY
The conservation of momentum and energy discuaBede provide a physical

explanation for why velocity in space can never exceed the speed of light. In equation (60),

kinetic energy,E, =mc*" mcy, = m({c " et vsz), is a component of the energy

equivalence of mattem and thus cannot excedfl=mc’. Whenv, =c, thenE, =mc?,

indicating v¢ has reached its maximum value because the entire energy equivalence mf mass
is used up as kinetic energy.

Likewise, equation (58) indicates that the momenin the space dimensiamyvg
cannot exceeanc and equation (61) indicates the energy comporent mv., can
never exceed the energy equivalence of mdtemc®. Spaceime locatons where
mc=|mv, + vy, E =mc®=mey +moc-v,) and E =mc®" my”+my,” are undefined
in the Minkowski metric and are thus incompatible with special relativity where
motion between the reference frame for coordinates, (-, ) and the reference frame

for coordinatesy, v, z, } is uniform.
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The boundary in the Minkowski metric @t =c (i.e., wherev. =0, c% =0 and

% =#) can be referred to as a time singularity because at the boundary an infinite

passage of reference tirhis required for any finite passage of local time

A. The Discontinuity in the Schwarzschild Metric
Conservation of momentum and energy explain why in the Schwarzschild metric
neithervg nor v, can be greater tham
In general, when for a particle of menas|\'/G +\'/S| =c, thenv. =0 indicating that

kinetic energy and gravitational energy have completely used up the energy equivalence of

masam.

"

The boundary in the Schwarzschild metridr\'/@t+\'/s| =c (i.e., whenv. =0, c% =0

dt , , . . e
and 4 ) is often referred to as a time singularity because at the boundary an infinite
T

passage of reference tirhis required for any finite passage of local time

The boundary for the discontinuity in the multiple body nestelso occurs at, =0,

i.e., Where = [V + Vg, + Vg, + ...+ Vg,

! H. Minkowski, OSpace and Time,O A translation of an address delivered &tAlssedably

of German Natural Scientists aRthysicians, at Cologne, 21 September (1908him

Principle of RelativityDover Publications, Inc., New York 1952) pp-95.
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