MOMENTUM AND ENERGY IN THE SCHWARZSCHILD METRIC

By Douglas L. Weller

ABSTRACT
Albert Einstein validated his field equations by demonstrating that they complied with
what he called the laws of momentum and energy. The moskma@Ain solution to
EinsteirOs field equations is the Schwarzschild metric describing the gravitational field of a
mass point. Here is examined how what Einstein called the laws of momentum and energy
are manifest in the Schwarzschild metric and how these laws limit the geomgpacefime

that is defined by the Schwarzschild metric.

INTRODUCTION

The laws of momentum and energy that underlie EinsteinOs field equations are by
necessity incorporated into any solution of the field equations. Here is explored how
momentum and eney@remanifested in the Schwarzschild metric.

When there is no gravity field present, the Schwarzschild metric reduces to the
Minkowski metric. The Minkowski metric is used to explore the energy and momentum
resulting from motion in space and time apiaoin the presence of gravity. For the case
where there is a gravity field present, but no motion through space, the Schwarzschild metric
reduces to what is called herein a Ono motionO metric. The no motion metric is used to

explore the energy and momemtwesulting from gravity apart from the presence of motion in
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space. The full Schwarzschild metric is used to explore the energy and momentum resulting
from the presence of both gravity and motion in space.

The discussions on the Minkowski metric, tleemotion metric and the full
Schwarzschild metric each include one or more subsections showing how conservation of
momentum and energy necessarily results in limiting the geometry oftipe&cthat is

described by each metric.

I. THE MINKOWSKI METRIC
The Schwarzschild metric describes the gravity field surrounding a point mass.
Where the effect of gravity vanishes, the Schwarzschild metric reduces to the Minkowski
metric. Momentum and conservation are first examined in this simple case of the
Schwakgschild metric.
The Minkowski metric was originally derived based on Hermann MinkowskiOs
fundamental axiom for spag¢ine set out in an addréggiven in September 1908:

The substance at any woibint may always, with the appropriate
determination ospace and time, be looked upon as at rest

MinkowskiOs fundamental axiom for the sp@ee continuum indicates that for the
substance at a world point (e.g., a particle) there exists a local reference frame, with its own
local space and time coordingatén which the substance is at rest with respect to the local

space coordinates (but not with respect to the local time coordinate).
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For example, assume the local reference frame for a particle has the local space
coordinates (,#,$) andthe local time coordinate. For the particle, with respect to the

local reference frame,
" 0

The Minkowski metric provides information necessary to make a coordinate
transformation from the coordinates id@ig the local reference frame rieference
coordinatesy, Y, z, } defininganother reference frame

The Minkowski metric often appears in Cartesian coordinates as,

c’dr? = c?dt® - dx® - dy® - dZ, (2)

arranged to provide information useful to obtain valugb@time coordinate of the local
reference frame from values of the reference coordinates £, Y. The Cartesian coordinates

used to express the Minkowski metric can also be converted to spherical coordinates so that

the Minkowski metric has the form

c?d"? =c’dt® # dr® # r°d$? #(r’sin” $)d93. (3)

A. Selection of a reference frame from which to evaluate momentum and energy
In order to obtain information about momentum and energy within the Minkowski
metric (and the Schwarzschild metric) it is important to select argistently use a reference
frame from which to make measurements. In the Minkowski metric there are two reference

frames to choose from. The first is the local reference frame defined by local coordinates
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(",#$%). The other is the refenee frame (referred to herein as the coordinate reference
frame) defined by reference coordinatesy, z, }.

There is a distinct disadvantage to use of the local reference frame to make
measurements: in its own local reference frame an object issabtvagst, that is, as indicated
by equation (1) there is no spatial velocity, i.e., no change in the values of the local space
coordinateg &,n,¢) with respect to passage of time as measured by the time coordinate
When there is no motion through space, it is very difficult to evaluate momentum and kinetic
energy.

In the coordinate reference frame, however, there can be a detectable motion through
the space coordinates. This is referred to herein as speltaly (v,), which is a vector sum
of the motion in three dimensions of space, i.e.,

Vg =V, +V, +V,, (4)

and which has a magnitude where

r " dx% "dy% " dz%
Vs:|Vs|:

Yare Fare Fara )

as measured by the coordinate reference frame.
Because of this distinct advantage of making measurements from the coordinate
reference frame, this is the reference frame that will be consistently used herein to make

measurements.
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B. Detecting the expression of momentum and energy in the Minkowski Metric

The Minkowski metric, shown in equation (2) is organized in a form that provides
information useful to obtain values of the time coordinatd the local reference frame from
values of the reference coordinatesy(, z, }. In orderto obtain useful information about
momentum and energy, it is helpful to mathematically reorganize the Minkowski metric to
make this information more apparent.

Since the observer is making measurements from the coordinate reference frame,
momentum and emgy will need to be measured with respect to changes in the reference time
coordinate. The Minkowski metric is therefore rearranged to show this. Specifically,

equation (2) can be rearranged as

c’dt® =c?d"? +dx* + dy’ +dZ, (6)
and therefore,
dr\® (dx) dy)2 (dz)2

2
Y P I el 8 [ e I 7
¢ (Cdt) +(dt) +(dt *\at O

which can be reduced to

dr\’

02=(ca) +VS . (8)

"

The termca Is a measure of the rate of passage of time as measured by the local

time coordinate” with respect to the rate of the passage of tismmeasured by the reference
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"

time coordinate. The term:a is therefore a measure of the velocity of local time with

respect to coordinate time and is referred to herein as time velociere

d”
. =Cc—. 9
V. =c 7 (9)

This allows equations (7) to be rewritten as
c? =v.2+v (10)
Since the time dimension is regarded as being orthogonal to the space dimensions equation
(10) can be written in the form of a vector sum, i.e.,

(11)

Equation (11) provides a very clear description of fdimensional momentum in the
Minkowski metric. That is, the vector sum of the velocity in the dimensions of time and space
is always equal to the speed of light

EinsteinOs field equations, the Satrgchild metric and the Minkowski metric all
describe distribution of momentum and energy for matterless $paterder to describe
momentum and energy in more familiar terms, a particle with mass) be placed in the
local reference frame, in whiatas&l from equation (11J the momentum of particle
across the four dimensions of time and space can be expressed as

mc =|mv. +mv|. (12)

Equation (10) can also be rewritten as

mc’ =mv.’ +mvg’, (13)
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which indicates how the energy equesaceE of masam, i.e.,
E =mdc, (14)
is apportioned by the Minkowski metric into an energy compogeni the time dimension

where

2

E.=mv.”, (15)
andan energy component in the space dimensBns the space dimensions, where

E;= mvsz, (16)
so that

E=mc¢=E. +E,. (17)

In order to verify the concept of energy equivalence being apportioned into energy
components, the relationship between kinetiergy and energy equivalence is explored in

the following subsections.

C. Kinetic Energy
As made clear by the relationship between spatial velocity and time velpsigy out
in equation 10), whenvg =0, thenv. =c. When particlanis moving in space with respect
to reference space coordinates \(, 3 there is a change in momentum from the rest state not
only in the space component of momentowy, but also in the time component of
momentummv.. From rest to any space velocity, there is a change in the value of the

space component of momentum from O to the vahwe in the direction of travel through
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space. That is the change in momentumy — 0 = myv;, is the value Newtonian Physics
recognizes as the momentum of partiole

When particlen moves from rest to any space velooity there is a change in the
value of the time component of momentum frorato the valuemv. in the direction of time.
This value for change in momentumc” my,, is the momentum in the time dimension that is
OsacrificedO to achieve space velagitgnd which is restored to the time dimension when
thespace velocity is returned to 0.

From equation (10),

v =c v, (18)
so that
mc" my, = m(c "actt vsz). (19)
For the case where>>v, a good binomial approximation is made using just the first two

terms of the Taylor expansion gwat

2

Vv
NCP VS #He S 20
s % (20)

Therefore
me " mv,$mc" m?/g " VZ—SCZS(* = mvz—sc2 (21)
which can be rewritten as
mc” " mey, =c(mc" mv)#$%mv32 =E,. (22)
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Equation (2) shows that the speed of light times the loss of momentum in the time dimension

is equal to the value Newtonian Plogsrecognizes as the kinetic enerdy, { of particlem.

D. Mass Energy Equivalence

In 1905, Albert Einstefhderived an energy equivalent for mass by calculating the
difference in energy'(L) between light in a locakference frame defined by local space
coordinates (,n, *) and the same light in the reference frame defined by space coordinates
(X, ¥, 3. The difference in energyL was set egal to the Newtonian value for kinetic energy
of a mass to produce EinsteinOs value for-ewasg)y equivalence.

To obtain" L, Einstein defined a valueto represent energy of light in the local
reference frame defined by local coomties (',#.$). Using the principle of the constancy of

light, Einstein calculated the difference in enerjy.) to be

"L:Léﬁiéfi?#i' (23)

Einstein assumes that>>v, (Oneglecting magnitudes of fouathd higher ordersO), and thus
simplifies equation (23) to

"L#E—L-v2

ek (24)

Einstein compares this value to the Newtonian value for kinetic enefly (E

1 . : :
Ey :—mvsz to derive the energy equivalence of mass. Thadtliss E, so that
2

L
—?vs =—myg (25)
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Solving equation (25) fdr, Einstein obtained. = m¢® the equation for the energy

equivalence of mass, normally written in the foBr mc’.

E. Calculating MassEnergy Equivalence without tsing Approximations
EinsteinOs 1905 paper, written in the context of Newtonian physics, utilizes two
ONewtonianO approximations. The approximation represented by equation (24) is used to
calculate the difference in energy of light between two time frark@sstein also implicitly
utilizes the approximation represented by equation (20) to obtain the Newtonian value for
kinetic energy resulting from the motion of a mass.
EinsteinOs method of calculating massrgy equivalence can also be performed

without approximations. In this case, the value Ey, calculated from equation (19) is

E, =mc -mecy = mc - mey/c® -V = mcz(l —41 —vsz/cz). (26)

Setting, as did Einsteirk, = AL, and using equation (26) to give the value Eqr and
equaton (23) to give the value fdrL yields

|
"L=E, # L———%

S

— e~

Simplifying this equations leads to

HFow 1,2/ 2&
A e ), @9
Al

and
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HFow [in,2/2&
L= mcz% L"vs /e Wl" ve'/c?, (29)
ﬁ" \/1" ve'/c?

and
L=mcqc?" v, (30)
and finally
L=mcv = mcz—”, 31
V. at (31)

Recall that according to EinsteinOs definitiorgpresents the energy equivalence of light in
the local reference frame. When the local reference frame is the same as the coordinate

reference frame, then

d" =dt, (32)
and therefore
dr dt
— -1, 33
dt dt (33)
so that
L = mc, (34)

the same value obtained by Einstein, which is now typically expressed-asc’.

E. Apportioning Mass-Energy Equivalence
As discussed above, Einstein calculated resesgy equialence based on the
premise that the energy equivalence of light and thus the energy equivalence of matter, varies

based on the reference frame in which the light or mass is located. When the mass is at rest in
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the local reference frame dinas measuredy the coordinate reference coordinates, the total
energy equivalencé can be apportioned as
E =mc = mcy +(Mmc —mcy). (35)
From equation (31), the energy componetdv. represents the equivalent energy
of masanin the local reference frame. From equation (22) the energy component
(mc& " mcy,) represents kinetic enerdy, , so that
E=mc =E,_+E,. (36)
Equations (35) and (36) demonstrate the validity of apportioning eeegrgvalencd
of a massn based on the value of time velocity, and therefore confirms equations (13) and
(17) fairly indicate the way the Minkowski metrics apportions energy equivalebased on

the value of time velocity..

F. Discontinuity in the Minkowski metric
From equations (10) and (11), it is clear that the geometry of space defined by the

Minkowski metric is limited to regions wherg <c. There is a time singularity (i.e.,

n

V. =0# % =0) in the Minkowski metric whewg =c and the Minkowski metric is

discontinuous whemg >c.
To understand the physical reason for the time singularity, consider equation (35),

showing the apportionment of energy m@lence based on kinetic energy. Wher=0 the

entire energy equivalendé = mc” is used up by the kinetic energy component
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E, =(mc" mey) =(mc®" mc(0)) =mc. There is no available source of energy to be
further apportioned intoiketic energy. Kinetic energy has reached a maximum value.

Equations (12) and (13) are alternative ways of expressing this physical reason behind
the discontinuity in the Minkowski metric. For example, according to equation (12) when the
spatial velocy vg =c, the entire momentum of masss used up by velocity in the space
dimension. There is no available momentum to be used for movement in the time dimension,
so time stops progressing. Likewise, in equation (13) when the spatieityelo=c, the
entire energy equivalendeé = mc® is used up by the energy componéit= mvsz. There is
no available source of energy any increase in the value of the energy conthonEnergy
componenkg has reached a maximum value.

The limitationvg " ¢ is a weltknown physical boundary that is readily seen when
evaluating momentum and energy in the Minkowski metric from the perspective of the
coordnate reference frame, but is not as evident when evaluating momentum and energy from
the perspective of the local reference frame. That is, as set out in equation (1), the particle is
stationary when measured using the local space coording##sh) so there is no momentum
in the space dimensions and there is no kinetic energy that is detectable using the local space
coordinates. The discontinuity is therefore detectable from the local reference system only
from the coordinate transforitnien to the coordinate reference frame. That is, whenc,

there is a singularity in the relationship between the reference time coordinate and the local

. . . dt . .
time coordinate (|.e.m =#) which can be detected from the locahsp coordinates. In the
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, . dt . :
local reference frame the time singularity =# manifests as the momentum of coordinate

time increasing to infinity.
Because the Minkowski metric is discontinuous for velocities greatentharw, any

values obtained from the Minkowski metric become nonsensical whewr. For example,

n2

in equation (2), whewng >c, d"“ becomes negative. In attempt to make sense of this,

Minkowski introduced the equati tv" 1 =s to produce what he called the Omystic

formula®

3x10°km=+/"1sec (37)

. NO MOTION METRIC

The Schwarzschild metric reduces to the Minkowski metric where there is no gravity
field present. This facilitated evaluation of howthe Schwarzschild metric, momentum and
energy is affected by motion in the absence of a gravity field.

The Schwarzschild metric can also be reduced to a Ono motionO metric when the local
reference frame is stationary in space with respect to the natedeference frame. The no
motion metric facilitates evaluation of how, in the Schwarzschild metric, momentum and
energy are affected by gravity in the absence of motion through space.

The full Schwarzschild metric for a point magswvith a Schwarzschd radiusR, is
typically expressed with the reference coordinates in the form of spherical coordinates, i.e.,

2
d—r#r2d$2 #(rzsin2$)d%. (38)

R
2d"? =c’(I#—)dt* #
cdm =T E A Ry
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Where there is no motion through spade=d"” = d# =0 and the Schwarzschild metric

reduces to the following ©motionO metric:

dr® =(1- é)dﬁ. (39)

. . . R
In equation (39) the effects of gravity are taken into account by the quertrdiﬁ{

which appears in equation (39) becausgenKarl Schwarzschild solved EinsteinOs field
equation to producéné Schwarzschild metric, lealculated components of the gravitational
field using a gravitational constant, as is done in Newtonian pHy#ssa result, the
Schwarzschild metric accounts for the affect of the gravity using the SchwarzschildRadius
or in an equivalent form that instead includes the gravitational corGtavttere

2GM
ol (40)

R=

Expressing the coordinates in the form of spherical coordinates rather than Cartesian
coordinates has no effect on calculated values of momenmtdrareergy because the
coordinate reference frame does not change when the form of the coordinates change from
Cartesian to spherical coordinates. For example, where the origin for the Cartesian coordinate
system is located at the center of the point nthgspo motion metric can be expressed as

R

’X2+y2+22

The same values for momentum and energy will be calculated whether equation (39)

d"?=Q# )dt?. (41)

or equation (41) is used. However, because of the shape of the gravity field, calculations
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usually appar in a simpler form when using spherical coordinates. So spherical coordinates

will be used in the remainder of the paper.

A. Detecting the expression of momentum and energy in the no motion metric
As when evaluating momentum and energy in the Minkowstrioy and for the same

reasons, measurements of momentum and energy are made from the coordinate reference

frame.
To facilitate this, the no motion metric expressed in equation (39) can be rearranged as
2.4n2 2 442 2 R 2
cd"  =codt"#c ?dt , (42)
and
27,2 2 g2 ZR 2
cdt® =cd" +c"—dt*, (43)
r
and
#dug R
¢’ =c®%p—( +c’—, 44
dt( p (44)
and
R
c’=v. +c’—. (45)

r

In order to highlight the similarities of the Minkowski metric to the no motion metric,

it is possible to use the Newtonian definition of gravitational escape velggithat is

Vg =C ?, (46)
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to express equation (45) as
=’ +vGZ. 47
Equation (47) describes apportionment of energy in matterless space. In order to
describe energy in more familiar terms, the particle with nresan be faced in the local
reference frame, so that
mc® = mv.” +my;’, (48)
which indicates how the energy equivaleioef masam, i.e.,
E =mdc, (49)
is apportioned by the no motion metric into time energy compoBgnivhere
E. =mv.’, (50)
anda gravitational energy componeBt, where
E, = my.?, (51)
so that
E=mc®=E, +E,. (52)
In accordance with parallel equations (whegereplacs v, ) to those describing
kinetic energy, gravitational potential energy in the no motion metric can be defined as
E, =(mc®" mcy,). (53)
allowing the total energy equivalenEen the no motion metric tbe apportioned as
E =mc® =mcv +(mc” #mcv), (54)
so that

E=mc=E,_+E,. (55)
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Momentum in the no motion metric can be modeled by treating the time dimension as
being orthogonal to gravitational escape velocity, so that equation (47) can ba imritie
form of a vector sum, i.e.,

c =[N +V.]. (56)

Equation (56) provides a description of momentum in the matterless space described
by theno motion metric. That is, vector sum of the velocity of time and the gravitational
escape veloty is always equal to the speed of light

The particle with mass can be placed in the local reference frame, in which case the
momentum of particlen can be expressed as

mc = M. + M| . (57)

F. Discontinuity in the no motion metric
Fromequation (56), it is clear that the geometry of space defined by the no motion

metric is limited to regions wheng, <c (i.e.,r>R). There is a time singularity

n

(v. =0# P =0) in the no motion metric whew, =c (i.e, r=R) and the no motion metric

is discontinuous when, >¢ (i.e.,r<R).

To understand the physical reason for the time singularity, consider equation (55),
showing the apportionment of energy equivalence based on gravitational paeet/.
Whenv. =0 the entire energy equivalen&=mc’ is used up by the gravitational potential

energy componenE, =(mc*" mcy,) =mc®. There is no available source of energy to be
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further apportioned into gravitathal potential energy. Gravitational potential energy has
reached a maximum value.

Equation (48) is an alternative way of expressing this physical reason behind the
discontinuity in the no motion metric. According to equation (48) when the gravitational

velocity v, =c (i.e.,r=R), the entire energy equivalené&e=mc’ is used up by the energy

componentE; = vaZ. There is no available source of energy any increase in the value of
the energy componeBkt,. Energy componerti, has reached a maximum value.
At r=0, gravitational velocityv, and thus energy compondfy blows up to infinity,

indicating infinite energy would be requireml from space, reach the very center of MAss

G. Effect of the Discontinuity on light

The no motion metric can be used to measure the progress of light as it travels radially
towards a massl. Measured from any reference frame, light fails to relaetfSchwarzschild
radiusof mass Mbefore mass M evaporates due to Hawking radidtion.

For example, consider the case of a series of local reference frames through which
light passes on the way to the Schwarzschild rafioEmasaVi, each local referendeame
having a local time coordinatelhe local time coordinate for the light is the local time
coordinate of each of these local reference frames as the light passes through the local
reference framelf there is no spatial motobetween the reference frames, the no motion
metric can be used for coordinate transformations between the reference frames. Therefore,

from equation (39),
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dr = dt; 1 ? . (58)

The radial coordinates for each reference frame can be usedsanm¢he speed of

light as it radially passes through the reference frame on the way to the Schwarzschild radius.
That is, the radial coordinatas used to measure the initial speed of I(g%rth) at the

locationfrom wherethe light is initially transmitted from a light transmitter located at radial

location r; toward the Schwarzschild radiBs A local radial coordinate is used to
measure the speed of Iigl%) asit passes through each local reference frame. Since the

speed of light as measured by local coordinates as it passes through a local reference frame is
always equal t@, this means

dr, _d",

d _d" _ . 59
at  a# ° (59)

. . l .
When measured by the coordinate referemumrdmates,dd—tL =c only at radial

location r;; therefore, in order to find the total time for light to reach the Schwarzschild radius
it is necessary to find an integrand that takes into account how gravity dffestseted of
light.

In order to preserve general relativity it is necessary that at every location length
contraction is equal to the inverse of time dilafidherefore,

dr, _ d#
d', dt’

(60)

allowing equation (8) to be rewritten as
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dr,

d" =——. 61
" AI#R/r (61
From equation (58) and equation (61),
do, dr, R} dr. 1
= -—|=—t : 62
dr (\/1— R/r)/(dt o ) dt 1-R/r (62)
Combining equation (59) and equation (62) yields
U (63)
dt 1" R/r
and therefore
dr
dt=——F—. 64
c(l" R/r) (64)
Equation (64) provides an integrarg?llfmTr) that can be used to calculate the time interval

"1 (i.e., coordinate travel time) for light to travel from a light transmitter located at any radial

locationr;, r, >R, to the Schwarzschild radilg, i.e.,

't '~ dr
At=|dt = | —=—.
t ‘{ t ‘{c(l—R/r) (65)

The integral in equatior6p) is divergent indicating time intervat is infinite. Since
massM is not eterndll e.g.,even a black hole will disintegrageentuallybecausef
Hawking radiatiorthe mass will evaporate before the light can reathAtssuming that
light from the light transmitter does not disintegrate first, there exists a radial logation
reached by the lightist at the timenassV evaporateswherel;>R.

Regardless of the radial starting locationprovidedr, > R, the divergence of the

integral in equation (65) indicates the time for light to travel to the Schwarzsatildis
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infinite. A convergent integral can be formed by using the series of local time coordinates
through which the light passes to measure the total elapsed time for the light to make the
journey from the location radial locatian to the Schwarzschild radiis The integrand can

be obtained by rearranging equation (59) to

_d#

d"= (66)
c
and combining the result with equatiori)6
d#, dr
d'=—=%= L 67
c CcVI$RIr (67)

to obtain the integrandldriLR/. Theresulting integral is
cVl-R/r
F: dr,
", = $d#= $70 (68)
R r C V1YR/T
The convergent integral in equation (68) suggests that when measured using the local
time coordinates, light can reach the Schwarzschild radius in finite"tithe
However, the ttal elapsed time for the light to make the journey from the location
radial locationr, to the radial locatiori, reached by the lightist whenmassM evaporates

can also be calculated using the same integrandt iS ha

f dr = } dr (69)
cVl-R/r
Sincery >R, therefore" #, <" #; which indicates that even when a convergent

integral is used to calculate the time it takes light to travel to the Schwarzschild naalsss,

M will evaporate beforg¢he lightcanreach the Schwarzschild radius. This result is predicted
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by the theory of general relativity. That is, general relativity predicts the laws of physics hold
equally well even when measured from different reference frames,tsbergame physical

reality is observed from different reference frames.

. THE COMPLETE SCHWARZSCHILD METRIC
Within the context of the Schwarzschild metric, the Minkowski metric describes
momentum and energy when there is no gravity present and the ioo chegcribes
momentum and energy when there is no motion present. It would seem, therefore, very
reasonable to conclude the Schwarzschild metric can be derived by a direct combination of
the Minkowski metric and the no motion metric.
However, the Schwaschild metric, as set out in equation (38) using the

Schwarzschild coordinates as reference coordinates, has an additional multiplier in one of the

2

terms. Specifically, in the radial ter 1"d|;/r) of the Schwarzschild metric as set out in

eqguation (38), there is a multlplle(i thatis not contained in the Minkowski metric or
1" R/r)

the no motion metric. The existence of this multiplier is the reason it has been asserted that
there is no simple derivation of the Schwarzschild imé&tr

The multiplier in the radial term of the Schwarzschild metric makes the radial term a
combination motion and gravity term. This combination motion and gravity term is usually
treated as a curvature in space affectingSttevarzschild metrispatialvelocity vg, so that

Vg is defined in the full Schwarzschild metric as
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_ |1 &, )&, , L, &
Vss_\/(l.. R/r)ﬁ%?( r dt( (r Sm))égci(' (70)

The Schwarzschild metria equation (38) can be expressed in simpler terms using the

definition for v, set out in equation (70). That is, equation (38) caredganged as

o R dr? -
c’dt® =cd 2+c2?dt2+W+r2d$2+(r25m $)d0/5, (71)
and thus
#d"& R 1 H#dr&  Hd* & #ol+ &
2 _ .2g 1023, 0 29 2sin®* g : 72
g ey ringat ) "t ) (r?sin ) € (72)

Using the definition ofvg set out in equation (70), the definitionwfset ait in
equation (9) and the definition @f, set out in equation (46), allows equation (72) to be

simplified to
C? =V v v (73)

A. Discontinuity in the Schwarzschild metric

From equation (73), the geometry of spacendefiby the full Schwarzschild metric is
limited to regions where® >v,* +v,°. There is a time singularityw(=0=> % =0) in the

Schwarzschild metric whee? =v.2 +v.> and the Schwarzschild metric is discontinuous
SS G

2 2
whenc? <y’ +v,.°%
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Equation (73) describes apportionment of energy in matterless space. In order to
describe energy in more familiar terms, the particle with mesan be placed in the local

reference frame, so that
Cz 2 2 2 2 2 2 R
MC™ =MV, + MVgg + MV;" =MV." + MVgg + MC r (74)

which indicatesow the energy equivalené&eof masam, i.e.,
E =mdc, (75)
is apportioned by the Schwarzschild metric into time energy compdnemthere
E. =mv.?, (76)
a space energy componda{., where
Eos=MVyl, (77)

anda gravitational energy componeBt, where

E, =my’ = mc2$, (78)

so that

E=mc =E. +E,+E;. (79)

B. Effect of the Discontinuity on travelers to the Schwarzschild radius
The integrals to determine exactly the amount of coordinate time and local time it
takes for a traveler composed of matter to reach the Schwarzschild radius have been
performed, or at least approximated, elsewherEhe integral used to calculate coordina

time is divergent. The integral used to calculate local time is convergent. However, in both
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coordinate reference time and in local time, any rvassmpacted below its Schwarzschild
radius to form a black hole will completely evaporate before the &asehild radius can be
reached.

Even without performing the integrals for the full Schwarzschild metric, it should be
clear that regardless of the measure of time used, the black hole would completely evaporate
before any traveler could reach the Schweldd radius. The time for the optimal traveler,
light, to make the journey was previously calculated. Light is the fastest traveler and will
therefore travel the farthest distance before the black hole evaporates. Since the light cannot
traverse theidtance to the Schwarzschild radius before a black hole evaporates, no slower
moving traveler will be able to either, regardless of the time coordinate used to measure
elapsed time for the journey.

However, it is highly improbable that a traveler could/sue long enough to view the
complete evaporation of a black hole. Consider the travails of a traveler to a black hole as
observed by a distant observer. The distant observer will observe that during the lifetime of
the black hole, background radiatitvavelling in a path that intersects the traveler will
overtake the slower moving traveler. Such background radiation will continue to overtake
and impact the distant observer throughout the entire lifetime of the black hole, or until the
traveler disintgrates, whichever first occurs.

If the traveler can survive the bombardment of background radiation, bigger problems
lie ahead. The distant observer observes the evaporation of the black hole before the
Schwarzschild radius is reached by the traveldre traveler, in an accelerated time frame,

will experience the evaporation of the black hole as it is observed from a distance. The
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Hawking radiation from the evaporating mass will first have to pass through the radial
location of the traveler before i@ang the distant observer. This insures the traveler will
necessarily observe and experiermEdpre the distant obseryeadiation emitted during the
disintegration of the mass. Further, the radiation passing by the traveler will continuously
bring information to the distant observer about the location of the traveler. Each photon of
radiation that passes by the traveler is a progress report on the travelerOs location that will
confirm to the distant observer that the traveler had not yet passedrthheuSchwarzschild
radius when that photon of radiation passed the traveler. Such progress reports will continue

until the black hole completely evaporates.

C. Implication for formation of black holes

Assuming that EinsteinOs field equations proaidaccurate description of the laws of
momentum and energy and that Schwarzschild metric is a solution to EinsteinOs field
equations, then collapsing matter cannot compact below the Schwarzschild radius of a mass.
To do so would violate the conservatioinenergy.

If the surface of a collapsing mass were to reach the Schwarzschild radius, particles of
massm on the surface would each have a gravitational energy comp&penmc®. The
gravitational component would use up their entire gnequivalenceE = mc?. There is no

source for the gravitational energy necessary for the particles to continue moving inward.
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For the surface of a collapsing mass to reathwould require that particles of mass
mon the surface each\ea gravitational energy compondat =" . The source of this

infinite energy has never been identified.

D. Alternative Explanation for the end point of a compacting mass

Particles on the surface of a compacting mass are in essavalers to the
Schwarzschild radius of the mass. The closer the traveler comes to the Schwarzschild radius,
the more accelerated the travelerOs contact with radiation, both background radiation and
radiation from the evaporation of fellow travelers. Témperature increase at the surface
resulting from the presence of concentrated radiation, the pressure produced by extreme
gravity and the shrinking volume would only serve to hasten the travelerOs own evaporation
into radiation. The result near the Semaschild radius would be an inferno of unimaginable
proportions that would rapidly evaporate the surface of any mass compacted to a radius near
its Schwarzschild radius.

Any evaporation of matter at the surface of the mass would tend to push the
Schwarzshild radius down and away from the surface of the compacting mass, thereby
insuring that the mass could never be compacted below its Schwarzschild radius.
Specifically, as shown by equation (40), the Schwarzschild radius is proportional thimass
howeve, radiusr of the mas$/, is related to the volume of massin accordance with the

well known relationship

r=3Vv—. (80)
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Assuming there is a rough correspondence between volume and mass, any evaporation
on the surface of mad4, will reduce the Schwarzschild radiRsmuch quicker than it will
reduce radius, as calculated in equations (40) and (80) respectively, with the result that the
Schwarzschild radiuR will shrink back down away from the surface of milsdocated at
locationr.

As observed from a distance, time dilatmaused by gravitywould tend to hide the
intensity of the inferno at a surface of a mass compacted to a radius near its Schwarzschild
radiusR; however, a rapid retreat of the Schwarzschild raRifrem the surfice of a mass as
result of disintegrating matter at the surface walduptly change gravitational force at the
surface therebgiminishing the concealing effect of time dilation. The result would be the
sudden release of a less time dilated view ofrifexno occurring at the surface. Such sudden
changes in time dilation provides a potential explanation for the sudden appearance of

quasars.
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